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GENUS ZERO MODULAR OPERAD AND ITS INVOLUTION IN
THE GROTHENDIECK-TEICHMU¨LLER GROUP
NOE´MIE C. COMBE, YURI I. MANIN
Dedicated to the memory of Sir Michael Atiyah
Abstract: The profinite completion ĜT of the Grothendieck–Teichmu¨ller group
acts upon the operad of moduli spaces of stable curves of genus zero with marked
points whose (n− 2)–ary component is M0,n+1 for n ≥ 2. Here we study various
aspects of this action. The first part of the paper is dedicated to the (stacky)
operad, defined by a fundamental involution in ĜT . The second part studies
combinatorial aspects of the total action.
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1. Introduction
With the development of quantum field theory in theoretical physics, the inter-
action of physics and mathematics intensified. As the survey by M. Atiyah with
co–authors [ADH] stressed, this interaction became a very rich source of new ideas
in mathematics, in particular, in algebraic geometry.
This article, dedicated to the memory of Sir Michael Atiyah, is concerned with
one remarkable fruit of the interaction: creation of the theory of quantum coho-
mology (cf. [KoMa]) and subsequent discovery of its connections with one of the
central objects of number theory, Galois group of the field of all algebraic numbers
(cf. [I], [BrHoRo], and references therein).
Below we briefly describe the content of our article and its place in a much wider
environment.
1.1. Belyi’s theorem and the Grothendieck–Teichmu¨ller group. The prob-
lem of understanding the Galois group GQ := Gal(Q/Q) was approached by
Grothendieck in his “Esquisse d’un programme” via a bold conjecture that any
algebraic curve X over Q admits a map b : X → P1 ramified only over three
points, say {0, 1,∞}. This conjecture was proved in 1980 by G.Belyi.
This result represented Gal(Q/Q) as fragment of a complicated groupoid includ-
ing maps b as its main objects, and various isomorphisms between them induced
by actions of geometric fundamental groups and the Galois group of algebraic
numbers. The dessin d’enfants formalism sketched by Grothendieck (cf. [29]) was
a visually transparent encoding of the geometry of this groupoid via finite graphs
including (in principle) also encoding of the Galois action upon these graphs, which
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led to the embedding of GQ into the automorphism group of the profinite comple-
tion of the geometric fundamental group of P1(C) \ {0, 1,∞}:
GQ → Aut πˆ1(P
1(C) \ {0, 1,∞}; (0, 1)).
The fundamental group involved here is simply a free group with two generators
F2. Using the de Rham formalism, V. Drinfeld later defined a highly nontrivial
subgroup ĜT of Aut πˆ1, the Grothendieck–Teichmu¨ller group, such that the image
of GQ is contained in ĜT . For a contemporary survey and many references, see [2].
In this paper, we focus upon the operad of moduli spaces of stable curves of genus
zero with marked points, whose n–ary component is M0,n+3, and upon what we
call “the hidden symmetry” of this operad. This symmetry can be seen in the
simple structure “rigidifying” the action of GQ upon πˆ1 above. This structure lies
also in the base of the definition of ĜT . In order to briefly describe it we adopt
the approach and (temporarily) notations of Y. Ihara in [16].
Following Ihara, denote byQ{{t}} the algebraically closed field of formal Puiseux
series in fractional powers of a variable t. More precisely, any element h of this
field is a formal Laurent series with coefficients in Q, in some formal root t1/N ,
N ≥ 1 being an integer that can depend on h. Furthermore, denote by M the
maximal Galois extension of Q(t) in Q{{t}} unramified outside t = {0, 1,∞}. In
the constructions below, we interpret t1/N , resp. (1 − t)1/N , as functions whose
restrictions to (0, 1) take positive values.
The topological fundamental group π1(P
1(C) \ {0, 1,∞}; (0, 1)) is freely gener-
ated by elements x (resp. y) which are classes of loops starting at any point of
the real interval (0, 1) and passing once around 0 (resp. around 1) anticlockwise.
This gives the identification of this group with F2 mentioned above. By analytic
continuation, this group acts upon M , leaving the subfield Q(t) ⊂M invariant.
At this point, the “hidden symmetry” t 7→ 1−t we had in mind enters the game.
Denote by M ′ the maximal Galois extension of Q(t) in Q{{1 − t}} unramified
outside {0, 1,∞}. There is a unique isomorphism p : M → M ′ over Q(t) which
is obtained by simply passing from the Puiseux expansion in t of a function near
0 to its expansion in 1 − t near 1. The group GQ acts upon both expansions by
acting upon their coefficients, so that elements of Q(t) remain invariant. Denote
these actions by σM , resp. σM ′ .
Now for each σ ∈ GQ we can define the element fσ ∈ Gal(M/Q(t)), whose
action upon any h ∈M is defined as the composition of the following maps: apply
σ−1M to h, then p to the result, then σM ′ , and finally p
−1.
Let us use σM in order to embed GQ into Gal(M/Q(t)) by action on coefficients
of a rational function of t. This subgroup then acts upon whole Gal(M/Q(t))
by conjugation g 7→ σ(g) := σgσ−1. In particular, it acts upon the topological
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generators x, y, and its action can be described explicitly in the following way.
Each σ defines an element fσ ∈ Fˆ2 such that
σ(x) = xχ(σ), σ(y) = f−1σ y
χ(σ)fσ,
where χ : GQ → Z
× is the cyclotomic character.
Drinfeld, Ihara et al. proved that the element fσ for each fixed σ satisfies the
three relations, called n–cycle relations, for n = 2, 3, and 5: see [16], sec. 1.7.
These relations determine the Grothendieck–Teichmu¨ller group ĜT .
1.2. Genus zero modular operad and its hidden symmetry. The compo-
nents and composition morphisms of the genus zero modular operad are smooth
projective manifolds. A naive way to describe its n–ary component M0,n+3 is
this. First, consider the moduli space M0,n+3 of configurations of pairwise dis-
tinct points (x1, . . . , xn) in P
1 \ {0, 1,∞}: it can be naturally identified with an
obvious open subset in (P1)n. Second, construct a compactification of this subset
by adding as fibres “stable” curves of genus zero with marked points that can be
dscribed as degenerations of the generic stable curve.
Since we mentioned points {0, 1,∞}, we have implicitly introduced in this de-
scription the coordinate t on P1 already used above, and thus we can extend the
involution t 7→ 1 − t to induce it upon M0,n+3, and then, with some efforts, to
M 0,n+3.
Actually, in this context there is a better way to define the rigidification involving
t. To make explicit the geometry behind it, imagine first P1(C) as a topological
sphere S2 endowed with one complex structure and three “equators” S1j ⊂ S
2 in
general position. For each j, we can introduce a complex coordinate tj upon S
2
identifying S1j with a naturally oriented P
1(R). Then the whole symmetry group
behind this rigidification will be generated by tj 7→ 1 − tj , and later it can be
extended to the the whole group of symmetries of the modular operad of genus
zero. This is what we can call its hidden symmetry. The same group is used in [I]
and elsewhere in order to treat the cycle relations in the Grothendieck–Teichmu¨ller
group.
As a matter of fact, we are bound to pass to one of the several derived en-
vironments, whenever we want to take into account action of symmetries upon
complexes (deRham, Hodge etc) and respective mixed structures. A quite gen-
eral ”dendroidal” formalism of [5] - perhaps extended by various versions of graph
categories and developed in [1], or even Feynman categories - can be used.
In the main part of this article, we restrict ourselves to the study of this hidden
involution and the stacky quotient operad with respect to it.
The total automorphism groups of M0,n+3 were determined by A. Bruno and
M. Mella ([4]). In the continuation of our work ([6]) we show how one can use their
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results in order to encode the total structure of symmetries of genus zero modular
operad in two different combinatorial structures.
1.3. Brief summary. The Sections 1 and 2 introduce an appropriate categorical
context and fix notations, that will be used afterwards. The Section 3 starts with
description on the basic notions of operadic formalism in the form convenient for
studying modular operad(s).
In the remaining part of the Section 3 and in the Sections 4–7 we introduce the
new operad NY which is defined, roughly, as the quotient operad with respect to
the fundamental involution.
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2. Monoidal categories
We start with some generalities concerning monoidal categories. Namely, we
recall basic definitions concerning monoidal categories, strict monoidal categories,
monoidal functors and monoids in monoidal categories.
2.1. Monoidal categories: the general setting. A monoidal category C =
(C0,⊗, I, a, l, r) consists of a category C0, a functor ⊗ : C0×C0 → C0, an object
I of C0 and natural isomorphisms : aX,Y,Z : (X ⊗ Y ) ⊗ Z → X ⊗ (Y ⊗ Z),
lX : I ⊗ X → X , rX : X ⊗ I → X , subject to two coherence axioms expressing
commutativity of the following diagrams: math
((W⊗X)⊗Y )⊗Z (W⊗X)⊗(Y⊗Z) W⊗(X⊗(Y⊗Z))
(W⊗(X⊗Y ))⊗Z W⊗((X⊗Y )⊗Z)
aW⊗X,Y,Z
a⊗1
aW,X,Y⊗Z
1⊗a
aW,X⊗Y,Z
(X⊗I)⊗Y X⊗(I⊗Y )
X⊗Y
aX,I,Y
r⊗1 1⊗r
We say that a monoidal category is strict if the associativity morphism is the
identity. More precisely, a strict monoidal category is a category equipped with a
functor ⊗ : C×C to C.
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(1) (X ⊗ Y )⊗ Z = X ⊗ (Y ⊗ Z)
(2) (f ⊗ g)⊗ h = f ⊗ (g ⊗ h)
(3) X ⊗ 1 = 1⊗X
(4) f ⊗ id1 = f = id⊗ f,
for all objects X, Y, Z and all morphisms f, g, h in C.
2.2. Monoidal Functor.
Definition 1 (Monoidal functor). A monoidal functor Φ = (F1, F2, F0) : C→ C
′
between monoidal categories C and C′ consists of the following items:
(1) An ordinary functor F1 : C→ C
′ between categories;
(2) For objects a, b in C morphisms:
(1) F2(a, b) : F (a)⊗ F (b)→ F (a⊗ b)
in C′ which are natural in a and b
(3) For the units e and e′, a morphism in C′
(2) F0 : e
′ → Fe
Together these must make all the following three diagrams involving the structural
maps α, λ and ρ commute in C′.
F (a)⊗(F (b)⊗F (c)) (F (a)⊗F (b))⊗F (c)
F (a)⊗(F (b⊗c)) F (a⊗b)⊗F (c))
F (a⊗(b⊗c)) F (a⊗b)⊗c)
α
1⊗F2 F2⊗1
F2 F2
F1(α)
F (b)⊗e′ F (b)
F (b)⊗F (e) F (b⊗e)
ρ
1⊗F0
F2
F (ρ)
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e′⊗F (b) F (b)
F (e)⊗F (b) F (e⊗b)
λ
F0⊗1
F2
F (λ)
Proposition 1. Lax monoidal functors send monoids to monoids: if F : (C,⊗)→
(C′,⊗) is a lax monoidal functor and
(3) A ∈ C, µA : A⊗A→ A, iA : I → A
is a monoid object in C, the object F (A) is naturally equipped with the structure
of a monoid in C′ by setting
(4) iF (A) : IC′ → F (IC)F (iA)
−−−→
F (A)
and
(5) µF (A) : F (A)⊗ F (A)→ F (A⊗ A)F (µA)
−−−−→
F (A).
This construction defines functor,
Mon(f) : Mon(C)→Mon(C′).
2.3. Symmetric monoidal categories. A symmetric (i.e. commutative) monoidal
category is a monoidal category with a commutativity constraint i.e. a family of
natural isomorphisms τ such that τX,Y : X ⊗ Y → Y ⊗ X , for all couples X, Y
verifying:
τ−1X,Y = τY,X , τY,X ◦ τX,Y = Id.
The map τ is said to be a natural map if it verifies the following commutative
diagram:
X⊗Y Y⊗X
X′⊗Y ′ Y ′⊗X′
τX,Y
φ⊗ψ ψ⊗φ
τX′,Y ′
where φ and ψ are morphisms.
Note, that if we forget the condition τ ◦ τ = Id, then we have only a braided
monoidal category.
Let C be a strict monoidal category. A braiding is a commutativity constraint
in C satisfying two relations:
(1) cX⊗Y,Z = (cx,z ⊗ IdY )(idX ⊗ cY,Z),
(2) cX,Y⊗Z = (IdY ⊗ cX,Z)(cX,Y ⊗ IdZ)
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for all objects X, Y, Z.
Given a symmetric monoidal category C, we have that for any X ∈ Ob(C),
where Ob(C) are the objects of C, there is a natural action of the symmetric
group on X⊗n, given by :
(i, i+ 1) 7→ IdX⊗i−1 ⊗ τX,X ⊗ IdX⊗n−i−2.
2.4. Monoid in a monoidal category. More generally, a monoid in a monoidal
category C is given by the following data:
(1) An object A of C0;
(2) Two morphisms µ : A⊗A→ A (multiplication) and η : I → A (unit).
These morphisms verify the following axioms:
• Associativity Axiom
(A⊗A)⊗A A⊗(A⊗A)
A⊗A A⊗A
A
α
µ⊗1A 1A⊗µ
µ µ
• Unit Axiom
I⊗A A⊗A A⊗I
A
η⊗1A
lA
µ
1A⊗η
rA
A commutative monoid in a symmetric monoidal category C, is a monoid A
such that
µA ◦ τA,A = µA.
3. Groupoids
In this new section, we are brought to the notion of groupoids - notion, which
proves particularly well suited to the exposition of our results. This notion of
groupoids is used in the context of (pre)stable curves, which we recall, below.
A prestable curve over a scheme T is a flat proper morphism π : C → T
whose geometric fibers are reduced one-dimensional schemes with at most or-
dinary double singular points. Its genus is a locally constant function on T :
g(t) := dimH1(Ct,Ot). Let S be a finite set. An S-pointed prestable curve over
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T is a family, where π : C → T is a prestable curve and xi are sections such that
for any geometric point t of T , we have xi(t) 6= xj(t).
Such a curve is stable if it is connected and if the normalization of each ir-
reducible component, which has genus zero, carries at least three special points.
Let (C, π, xi|i ∈ S) is an S-pointed prestable curve. It is stable iff automorphism
groups of its geometric fibers are finite, and if there are no infinitesimal automor-
phisms.
3.1. Groupoids: general setting.
Let F and S be two categories and let b : F → S be a functor. If F ∈ Ob(F)
and b(F ) = T , we will call F a family with base T , inducing identity on T , or a
T -family.
3.1.1. Condition for groupoids. In order to form a groupoid, the data must satisfy
one of the following conditions:
VERSION 1: First, for any base T ∈ S, any morphism of families over T
inducing identity on T must be an isomorphism. There must be given the base
change.
VERSION 2: For any arrow φ : T1 → T2, between the basis and any family
F2 over the target T2, there must exist a T1-family F1 and a morphism F1 → F2
lifting φ.
3.1.2. 1-morphisms of abstract groupoids. We will be considering only morphisms
between groupoids over the same category of bases S. Such a morphism {b1 :
F1 → S} → {b2 : F2 → S} is a functor Φ : F1 → F2 such that b2 ◦ Φ = b1.
F1 F2
S
Φ
b1 b2
3.2. Groupoids of S-labeled stable curves. Let S be the category of schemes.
Objects of F are stable S-labeled curves over T ∈ S; a morphism: (C1/T1, x1i|i ∈
S) → (C2/T2, x2i|i ∈ S) is a pair of compatible morphisms φ : T1 → T2;ψ :
C1 → C2 such that ψ induces an isomorphism of labeled curves C1 → φ
∗(C2).
Equivalently, the diagram
C1 C2
T1 T2
ψ
φ
is cartesian, and induces the bijection of the two families of S-labeled sections.
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3.3. Groupoids of universal curves. The Objects are stable curves (C/T, xi|i ∈
S), endowed with an additional section ∆˜ : T → C not constrained by any restric-
tions.
The morphisms must be compatible with this additional data.
3.4. Stacks.
Definition 1 (5.1 in [22], 4.1 in [8]). A stack of groupoids is a quadruple
(F ,S, b : F → S,Grothendieck topology T on S)
satisfying the following conditions:
(1) b : F → S is groupoid (such a in 4.2). Each contravariant representable
functor Sop → Sets is a sheaf on T .
(2) Any isomorphism between families over a given base is uniquely defined by
its restrictions to the elements of any covering of the base. Given X1, X2
over T , the functor T ′ 7→ IsoT ′(X1 → X2)
(3) Any family over a given base is uniquely defined by its local restrictions.
The stacks over T are the objects of a 2-category (stacks/T ): 1-morphisms are
functors from one stack to another, and 2-morphisms are morphisms of functors.
In this 2-category every 2-morphism is an isomorphism.
4. Operads
In our line of sight, we aim at constructing a topological operad, obtained by
endowing the moduli space M0,n with a symmetry denoted by ρ. The symmetry
we have chosen, has many interesting advantages - one of them being that it does
not produce any problems related to orientability. In 4.4.2, the study of the hidden
symmetry of M0,n is given.
We need the following definition, which is a building block towards the NY
operad.
4.1. Operad in a category. Let (C,⊗, 1C , a, l, r, τ) be a symmetric monoidal
category (see section 2.3). Let Fin be the category of finite sets with bijections.
Given any subset X ⊂ Y , we use the notation Y/X := Y \X ⊔ {∗}.
Definition 2 (Operad, [23] Definition 4.1). An operad in C is a presheaf P :
Finop → C endowed with partial operadic composition ◦X⊂Y :
P(Y/X)⊗P(X)→ P(Y ),
for any X ⊂ Y and a unit η : 1C → P({∗}) such that the following diagrams
commute.
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P(Z\Y )⊗P(Y \X))⊗P(X) P(Z\Y )⊗(P(Y \X)⊗P(X)) P(Z\Y )⊗P(Y ))
P((Z\Y )\(Y \X)⊗P(Y \X))⊗P(X)) P(Z\X)⊗P(X)) P(Z)
α
∼=
id⊗◦X⊂Y
◦Y⊂Z
◦Y \X⊂Z\X⊗id ◦Y⊂Z
P(Z\X)\Y )⊗(P(X)⊗P(Y )) P((Z\X)\Y ))⊗(P(Y )⊗P(X)) (P((Z\X)\Y )⊗P(Y ))⊗P(X)
P((Z\X)\Y )⊗P(X)⊗P(Y ) P(Z\X)⊗P(X)
(P((Z\Y )\X)⊗P(X))⊗P(Y ) P(Z\Y )⊗P(Y ) P(Z)
id⊗τ
α−1
α−1
◦Y⊂Z\X⊗id
∼= ◦X⊂Y
◦X⊂Z\Y ⊗id ◦Y⊂Z
From [23] we know that the skeletal category of Fin is the groupoid S whose
objects are {1, 2, ..., n} for any n ∈ N and whose morphisms are the elements of
the symmetric groups Sn. A presheaf on Fin is thus equivalent to a collection
{P(n)}n∈N of right Sn-modules. In these terms the above structure of operad is
equivalent to partial composition products ◦i : P(n)⊗P(m)→ P(n+m− 1), for
1 ≤ i ≤ n, and a unit map η : 1C → P(1) satisfying the analogous axioms.
4.2. Operad in groupoids. It is also important to mention the existence of
operads in groupoids. An operad in groupoids -also known as an operad in the
category of small categories- is defined in three steps. Note that it consists of
a sequence of small categories P(r), r ∈ N, each of which are equipped with a
symmetric group action; a unit morphism η : pt → P(1), and a composition
product µ : P(r)×P(n1)×· · ·×P(nr)→ P(n1+· · ·+nr), is formed in the category
of categories. Classical identities expressed by diagrams (mainly concerning the
associativity, equivariance) hold.
More precisely, since the category of groupoids forms a symmetric monoidal
subcategory of the category of small categories, an operad in groupoids can be
defined as an operad in categories P of which components P(r) are groupoids.
The composition structure of an operad in categories (resp. groupoids) can be
defined by giving a collection of functors ◦k : P(m) × P(n) → P(m + n − 1),
k = 1, ..., m satisfying the equivariance, unit and associativity relations.
A morphism of operads in categories f : P → Q is a sequence of functors
f : P(r) → Q(r) preserving the internal structures attached to operads. The
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category of operads in groupoids forms a full subcategory of the category of operads
in categories. For operads in categories, we will naturally consider the operad
morphisms of which all underlying functors f : P(r) → Q(r) are equivalences of
categories.
4.3. Operads of stable S-labeled curves. For a finite set I denote by Mg,I
the Deligne-Mumford stack classifying stable curves of genus g and with marked
points (xi)i∈I labeled by I. For any injective map φ : I → J of finite sets and any
g such that Mg,I 6= ∅, there is a natural morphism of stacks Mg,J →Mg,I called
the stable forgetting.
We consider the case I = [n] = {0, 1, ..., n}. The point x0 on a curve fromMg,[n]
will be called the root point. The group Sn acts upon Mg,[n] by renumbering all
points except for x0. We have the morphisms:
(6) Mg,[l] ×M0,[m1] × · · · ×M0,[ml] →Mg,[m1+···+ml]
glueing the root point of the universal curve parametrized by M0,mi to the i-th
labeled point of the universal curve parametrized by Mg,m[l] , i = 1, ..., l.
If g = 0, we get an operad M in the monoidal category of smooth projective
manifolds with M(n) =M0,n+1, n ≥ 2 and M(1) = {pt}, M(0) = ∅.
The composition not involvingM(1) are given by equation (6) while the unique
element of M(1) is the unit.
4.4. Hidden symmetry of the DM-Stack.
4.4.1. Oriented frame on the S-labeled stable curve. Consider the DM-stackM0,[n].
Choose a stable S-labeled curve (C/T, π, (xi)|i ∈ S, |S| = n+1), where T is a base
scheme in the category S, C is a scheme in the category F . Recall, that the
marked points are sections over t ∈ T , where t is a geometric point. A section of
C is a morphism of T -schemes s : T → C, verifying π ◦ s = IdT .
We consider the contravariant functorM0,[n] mapping a scheme T to a collection
of n + 1-pointed curves of genus 0 over S, modulo isomorphisms. Knudsen [21]
shows that M0,[n] is represented by a smooth complete variety Tn, together with
a universal curve (C, (xi)∈S)→ Tn, where (xi)i∈S are the universal sections.
The complement of the discriminant variety ∆ which is a hyperplane arrange-
ment, given by colliding points in the base space (also known as the “fat diagonal”,
in the literature) is contained in Tn as the open subset over which the morphism π
is smooth. It is the open set parametrizing n+1-pointed curves over Spec(C), for
which the curve is P1. Different approaches to the compactification of the space
of n distinct points on P1 modulo PSL2(C) are used and, in this context of genus
0 curves with marked points, these approaches are equivalent.
Consider the S∪{∗}-pointed stable curve, with sections (xi)i∈S∪{∗} and having an
additional section x∗. Knudsen shows that there exists (up to unique isomorphism)
a unique [n + 1]-pointed curve π∗ : C
∗ → Tn+1 with sections (x
′
i)i∈[n+1] such that
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C is the contraction of C∗ along x′[n+1] and such that x
′
n+1 is send to the section
x∗. C
∗ is obtained from C by an explicitly described blow-up.
The important result is as follows. IfM0,[n] is the stable S-labeled curve C → S,
with sections (xi)i∈S, then:
M0,[n+1] is π : (C, (xi)i∈[n+1])→ Tn+1, with Tn+1 = (C, (xi)i∈[n]) and (C, (xi)i∈[n+1])
is a blow-up of Tn+1 ×Tn Tn+1.
It is clear that the fixed points under PSL2(C) are 0, 1,∞. This easy remark
induces an important one. Namely, an oriented frame, given by the equators
on which those fixed points lie is defined, on the 2-sphere. In particular, these
equators, cut the 2-sphere into 4 quadrants and, hence, using the induction argu-
ment from Knudsen above, this oriented frame is defined generally for the stable
S-labeled curve C.
4.4.2. Symmetry of the DM-Stack. In the classical literature, it is common to en-
dow the moduli space of genus 0 curves and marked points with a antiholomorphic
involution j : C → C, where j2 = IdC. The motivation for this comes from the
study of real algebraic curves. However, such an antiholomorphic involution causes
trouble with orientability problems, which we want to avoid. Therefore, we intro-
duce a holomorphic involution. The study of this new involution is the subject of
the next paragraphs.
Consider an affine orientable symmetry group
G = 〈ρ|ρ2 = Id〉,
where for any x ∈ C,
ρ : x 7→ 1− x;
and consider the representation of this group as follows. Let C/T be a stable curve
with n marked points:
G→ Aut(C/T, (xi)).
A frame, given by the three points 0, 1,∞ and the group action of G, is defined
on the sphere. This frame partitions the sphere into four quadrants, all incident at
a common vertex: the fixed point under the involution. This group action of G on
the sphere maps the marked points xi(t) on C (sections at a geometric point t of
T ), lying in a given quadrant of the sphere, to their diagonally opposite quadrant.
As a more down to earth approach, we can look at ρ as an affine map acting on
the set of n-sections as follows:
Aρ : C
n → C2n
(x1, ..., xn) 7→ (x1, ..., xn, 1− x1, ..., 1− xn),
defined in matricial notation as:
z
(
[Id](n×n), [−Id](n×n)
)
(n×2n)
+
(
[0]1×n, [1]1×n
)
1×2n
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where the matrix is: 1 0 . . . 0| −1 0 . . . 00 1 . . . 0| 0 −1 . . . 0
0 0 . . . 1| 0 0 . . . −1.
 .
We can therefore now consider the graph “function” of ρ ∈ Aut(C/T, (xi)).
Indeed, given the set of S-labeled points on C/T , consider a binary relation ρ
(endorelation) on (C/T ; (xi)i∈S). This binary relation is given by the holomorphic
involution ρ : x 7→ 1− x, which maps the n-tuple (xi)i∈S of labeled marked points
on C/T to (ρ(xi))i∈S. The graph of the binary relation ρ from C/T to itself is
formed from the pairs (x, ρ(x)) and the relation is functional and entire.
We have for (C/T, (xi, ρ(xi))i∈S):
C{x1,...,xn}∪{ρ(x1),...,ρ(xn)}
C{x1,...xn} C{ρ(x1),...,ρ(xn)})
T
p1 pi2
ρ
pi−1 pi ◦ ρ−1
ρ−1
More simply,
(C, (xi)i∈S) (C, (ρ(xi))i∈S)
T
ρ
pi pi ◦ ρ−1
4.5. Monad structure. Take the DM-stack of S-labeled stable curves. We have
the functor b : F → S, where F is the category of S-labeled stable genus 0 curves.
We consider an involutive endofunctor ρ : F → F i.e. an endofunctor verifying
the following condition:
ρ2 = ρ ◦ ρ = IdF .
This operation defines a monad in the category F since the transformations η :
IF →
∗ ρ and µ : ρ2 →∗ ρ are natural transformations and the following diagrams
commute:
ρ3 = ρ IdF
IdF ρ
ρµ
µρ µ
µ
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ρ3 = ρ ρ2 = IdF ρIdF
ρ ρ ρ
ηρ
=
ρη
=
= = .
In particular, we choose the ρ-algebra for the monad ρ to be constructed on the
model of the group action G× F ,
with the structure map H : G × F → F verifiying h(g1g2, x) = h(g1, h(g2, x)),
h(u, x) = x.
Proposition 2. Let F be the category of S-labeled stable curves of genus 0 and
Fρ the category of S-labeled stable curves of genus 0, obtained by the action of G
on objects of F . Then, b : F × Fρ → S) is a groupoid.
Proof. Let F be the category of S-labeled stable curves. Construct the isomor-
phism of categories ρ : F → Fρ, where any object of Fρ is the image of one object
C/T by the map ρ ∈ Aut(C/T ); and any morphism of S-labeled stable curves
c, c′ ∈ F is mapped to a morphism of S-labeled stable curves in Fρ: ρf : ρc→ ρc′.
The definition of this morphism induces a bijection of the two families of S-labeled
curves in F and respectively in F op , in other words the following diagram is com-
mutative:
c ρc
c′ ρc′
ρ
f ρf
ρ
Now, we show that (b, b′) : F × Fρ → S is a groupoid. Indeed, given a base
T ∈ S, any morphism of families over T inducing identity on T is an isomorphism
for F and, by the construction above for Fρ. So, condition 1 of definition is verified
and we have a groupoid. 
5. Operad for the new stable-curve
In this section, we are interested in developing an operad for the genus 0 curve
with marked points endowed with the transformation ρ, of the S-stable curve.
Throughout the paper, this operad is called the NY operad.
We know, from the previous section and well known results from the mathe-
matical literature, that the S-labeled stable curves, equipped with the bi-functor
“⊗′′ form a monoidal category and that there exists a well defined topological op-
erad for the S-labeled stable curves of genus g, which was mentioned previously.
Similarly, by symmetry the S-labeled stable curves, obtained by using the involu-
tion ρ form a monoidal category (for simplicity we will call them Sρ-labeled stable
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curves) and, again by symmetry, there exists a well defined topological operad for
the Sρ-labeled stable curves of genus 0.
We define a morphism of operads in categories P → Q, which is a sequence of
functors P(r)→ Q(r), preserving the internal structures associated to the operads.
Therefore, those stable curves which are indexed by the graph (x, ρ(x)) inherit
a monoidal structure. Let us call C′ the monoidal category of those S-labeled
curves, indexed by the graph (x, ρ(x)).
The aim is to prove that there exists an operad on the monoidal category C′,
the objects of which are stable curves (C/T, (x, ρ(x))).
In order to construct the operad we use a monoidal functor between the classical
monoidal category C of S-labeled stable curves and the monoidal category C′ of
those curves, endowed with the ρ symmetry.
Lemma 1. Let C′ be the monoidal category, where objects are S-labeled stable
curves indexed by the graph of the binary relation ρ; morphisms are bijections.
Then, there exists an operad structure on the monoidal category C′.
Proof. Consider the presheaf: P : Finop → C. It defines the operadic structure
(see definition above). Consider the functor Mon(f) : Mon(C) → Mon(C′)
(equation 5), which maps the monoid in C to the monoid in C′. Then, by diagrams
in section 2.2, definition 1,
Φ(P) : Finop → C′
is a presheaf. It follows, from the proposition 1 that the composition operation is
conserved, in C’.
Φ(P(Y \X)⊗ P(X)) = Φ(P(Y \X))⊗ Φ(P(X)).
We have Φ(P(Y \X)⊗P(X))→ Φ(P(Y )) and the morphism implies:
Φ(P(Y \X))⊗ Φ(P(X))→ Φ(P(Y )).

Therefore, we may formulate the following definition of the topological NY
operad.
Definition 3 (NY Operad). Let C (resp. C′) be the monoidal category of S-labeled
stable curves of genus 0 (resp. S-labeled stable curves indexed by the graph of the
binary relation ρ); let P be the presheaf giving the operad structure on {M0,n+1}n≥1
and let Φ : C→ C′ be a functor.
The {NY (n + 1)}n≥2 operad in the category C
′ is the presheaf
P ′ = Φ◦P =: Finop → C′ endowed with the partial operadic composition ◦X⊂Y :
P ′(Y/X)⊗P ′(X)→ P(Y ),
for any X ⊂ Y and a unit η : 1C → P
′({∗}).
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An object NY (n + 1) of C′ can be described throughout a more geometric
description. It is a sphere (i.e. P) with 2n − 3 marked points differing from
{0, 1, 1
2
,∞}. On this sphere, there exists one point (at Fix(ρ)) which is a nodal.
Therefore, we blow-up this point, and obtain two P1’s transversally intersecting at
a point; one of which has 2n − 4 marked points plus the three points: {0, 1,∞},
and the other one has 2 marked points.
The operadic composition, done for M0,n+1, is symmetrically perpetuated on
those marked points which are obtained by ρ, by the morphism argument men-
tioned above.
6. The DM-stack with hidden symmetry
Previously, we have shown that the monoidal category of DM-stacks M0,[n],
enriched by a given symmetry, gives a collection of elements in S − V ect, which
form an operad, denoted {NY (n + 1)}n≥1. We want to compare this new NY
operad to the gravity operad Grav and as well to other operads, which have been
extensively studied in [13] [18],[20].
6.1. Stratification ofM0,n with symmetry. Important properties of the strat-
ification of stable S-labeled curves by stable trees (graphs) are given, below. Con-
sider an object (C/T, (xi)i∈S), where C belongs to the category F discussed in
section 3.1 and T belongs to the category S. The scheme T ∈ S is decomposed
into a disjoint union of strata, where each stratum D(τ) is indexed by a stable
S-tree τ . The stratum D(τ) is a locally closed, reduced and irreducible subscheme
of T , and parametrizing curves of the combinatorial type τ . Its codimension of
the stratum D(τ) equals the cardinality of the set of edges of τ (i.e. the number
of singular points of a curve of type τ). This subscheme depends only on the
n-isomorphism classes of τ .
The graph τ is the dual graph, obtained after blowing up the colliding points
in the fat diagonal ∆ ( ∆ is given by {xi = xj |i 6= j}). The fat diagonal ∆
forms an An−1 singularity. By Hironaka [14], one can blow-up the singular locus
in such a way that it gives a divisor with normal crossings. This divisor is usually
called D and lies in the total space. So as to avoid any type of confusion, we shall
denote by Dτ a divisor with normal crossings, lying in the total space C and with
combinatorial data encoded by the graph τ .
The divisor Dτ corresponds to the given stratum D(τ) ofM0,n (the base space).
This divisor Dτ is decomposed into a sum of irreducible components which are
closed integral subschemes of codimension 1 on the blown-up algebraic variety:
Dτ =
∑
n∈I
niDτ,i,
where the ni are integers. Each of the irreducible components are isomorphic to
P1. The normal crossing condition implies that each irreducible component is non
singular and, whenever r irreducible components Dτ,1, . . . , Dτ,r meet at a point P ,
18 NOE´MIE C. COMBE, YURI I. MANIN
the local equations f1, . . . , fr of theDτ,i form part of a regular system of parameters
at P . It is also possible to define locally the divisor by {(Ui, fi)}, where fi are
holomorphic functions and Ui are open subsets.
Given a stratum D(τ) in the base space T , its closure is formed from the union
of subschemes D(σ), such that τ > σ and, where τ and σ, have the same set of
tails. The tails correspond to the set of marked points on the irreducible connected
component (isomorphic to the projective line). In the geometric realization of the
graph, tails- otherwise called flags corresponds, to a set of numbered half-edges,
which are incident to only one vertex. This is denoted by Fτ (v), where v is a given
vertex in the graph τ , to which the half- edges are incident. In our case, where the
genus of the curve is zero, the condition τ > σ is uniquely specified by the splitting
data, which can be described as a certain type of Whitehead move. Roughly, it is
recalled, below.
Choose a vertex v of τ and a partition of the set of flags, incident to v: Fτ (v) =
F ′τ (v)∪F
′′
τ (v) such that both subsets are invariant under the involution jτ : Fτ →
Fτ . To obtain σ, replace the vertex v by two vertices v
′ and v′′ connected by an
edge e, where the flags verify F ′τ (v
′) = F ′τ (v) ∪ {e
′}, F ′τ (v
′′) = F ′′τ (v) ∪ {e
′′}, where
e′, e′′ are the two halves of the edge e. The remaining vertices, flags and incidence
relations stay the same for τ and σ. For more details, see [22] ch.III § 2.7, p.90.
Such as depicted in [22] ch.III §3, consider the stratification of the scheme T
by graphs (trees, infact). The symbol τ stands for a tree. If S is a finite set,
then T ((S)) is the set of isomorphism classes of trees τ , whose external edges are
labeled by the elements of S. The set of trees is graded by the number of edges:
T ((S)) =
|S|−3⋃
i=0
Ti((S)),
where Ti((S)) is a tree with i edges. The tree T0((S)) is the tree with one vertex
and the set of flags equals to S.
Not only do those trees allow a stratification ofM0,n, but due to [20, 10, 12, 31],
one may derive relations for computing the cohomology ring H∗(M0,n(C)). In
particular, M0,n has no odd homology and its Chow groups are finitely generated
and free abelian. We recall briefly the Keel presentation.
Let DS be a component of a divisor lying in M0,n, where S ⊂ {1, 2, ..., n}. In
Keel’s presentation, the n-th Chow ring turns out to be isomorphic to the quotient
of the polynomials ring, generated by degree 2 elements (the DS), modulo an ideal
in which the DS are subject to the following relations:
• DS = D{0,1,...,n}\S.
• For distinct elements i, j, k, l ∈ {0, 1, ..., n}∑
i,j∈S;k,l/∈S
DS =
∑
i,k∈S;j,l /∈S
DS.
• If S ∩ T /∈ {0, S, T} and S ∪ T 6= {0, 1, ..., n} then DSDT = 0.
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Finally, passing to the homology ring H∗(M0,n), there is an explicit relation to the
trees appearing in the stratification, due to Keel:
Theorem 1. Let ⊤ be a tree in T ((n)). The cycles [M((⊤))],⊤ ∈ T ((n)) span
H∗(M0,n).
As for the operadic aspect one can say the following: since monoidal functors
preserve operads, thus the homology of an operad in graduated modules and the
Koszulness of this ring is verified, due to [11] :
Theorem 2. The ring H∗(M0,n+1) is Koszul.
The stratification of M0,n being settled, we can proceed to a brief discussion
concerning the stratification of M0,(x,ρ(x)), and compare it to the classical one in
M0,n.
We briefly, list the first strata occuring in the base space for M0,(x,ρ(x)):
Codim n
n = 0 (x1, .., xn): xi 6= xj for i 6= j, xi ∈ P \ {0, 1,
1
2
,∞}.
n = 1 (x1, .., xn): xi 6= xj for i 6= j , xi ∈ P \ {0, 1,∞}.
n = 1 (x1, .., xn): xi1 = xi2 , xi ∈ P \ {0, 1,
1
2
,∞},
xik 6= xij for k, j 6∈ {1, 2}, xi ∈ P \ {0, 1,
1
2
,∞}.
n = 2 (x1, .., xn) : xi1 = xi2 = xi3 , xi ∈ P \ {0, 1,∞}.
n = 2 (x1, .., xn): xi2 = xi3 , xi ∈ P \ {0, 1,∞},
xi1 ∈ P \ {0, 1,
1
2
,∞}.
n = 3 (x1, .., xn): xi1 = xi2 = xi3 = xi4 , xi ∈ P \ {0, 1,∞}.
n = 3 (x1, .., xn): xi2 = xi3 = xi4 , xi ∈ P \ {0, 1,∞},
xi1 ∈ P \ {0, 1,
1
2
,∞}.
n = 4 (x1, .., xn): xi1 = xi2 , xi ∈ P \ {0, 1,
1
2
,∞}.
n = 4 (x1, .., xn): xi1 = ... = xi5 , xi ∈ P \ {0, 1,∞}.
This discussion, allows further considerations concerning the fibers of the proper
flat map π : C → T , where C is the |S|-stable curve.
To a given divisor Dτ =
∑
n∈I niD
τ
i , locally defined by a chart {(Ui, fi)}, the
symmetry ρ maps Dτ to the corresponding divisor: Dρ(τ) =
∑
n∈I niD
ρ(ρ)
i defined
by {(Ui, ρ(fi))}. So, this defines a pair of divisors (D
τ , Dρ(τ)), being isomorphic.
The intersection (Dτ , D
ρ
τ ) is non-empty if and only if fi = ρ(fi).
Proposition 3. Any pair of divisors Dτ and Dρ(τ) indexing a given stratum in
F and Fρ are a point reflection of each other and their union in F ×Fρ forms a
connected set if and only if there exists a holomorphic function such that fi = ρ(fi).
Proof. One direction is easy: if Dρ(τ) and Dτ are disjoint, then there are no points
verifying fi = ρ(fi). This occurs in the case where the sections are different from
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1
2
, so lying in P1 \ {0, 1, 1
2
,∞}. Reciprocally, if there exists a chart for which
fi = ρ(fi), then the set D
τ ∪ Dρ(τ) is connected. It is clear that Dρ(τ) is a point
reflection of Dτ : each component of the divisor Dτ , being given by the charts an
{(Ui, fi)}, where Ui is in C and fi is a holomorphic function, therefore the charts
for Dρ(τ) given by {ρ(Ui), ρ(fi)} are given by the point the point reflection ρ, so
concerning the geometry of the divisor Dρ(τ) it is a point reflection of Dτ . 
Proposition 4. The graphs, indexing the strata of M0,n×Aut(M0,n), are invari-
ant under a symmetry group of order 2.
Proof. The hyperplane arrangements giving the set of colliding points, for M0,n,
resp. Aut(M0,n), are symmetric to each other by the point reflection ρ. Therefor,
since a divisor is defined in exactly the same way, i.e. in local coordinates we have
f1...fi = 0, (resp. ρ(f1)...ρ(fi) = 0), the divisors for M0,n and Aut(M0,n) are
isomorphic to each other, and glued at a point. This implies that the dual graphs
of M0,n ×Aut(M0,n), are invariant under a symmetry group of order 2. 
6.2. The stacky M0,x,ρ(x). We prove that adding the symmetry structure onto
the stack M0,n+1 gives again a stack.
Proposition 5. The DM-stack equipped with the symmetry group G is a stack.
Proof. In order to show that M0,(x,ρ(x)) is a stack, let us first equip the base space
S with the e´tale topology T . We need to verify the three conditions of definition 1.
(1) The first condition is to show that the contravariant functor from Sop to
the category of sets Set is a sheaf.
We know that if S has a Grothendieck topology, then M0,n is a stack.
The modification of this stack into M0,(x,ρ(x)) implies a slight modification
of the data. Indeed, F : Sop → Set is a sheaf. Properties of the category
Set allow to consider the direct sum Set ⊕ Set. So, we are dealing with
the section Sop → Set⊕ Set, which turns out to be a direct sum of sheafs:
F + F : Sop → Set⊕ Set, hence a sheaf. So, we have a sheaf Sop → Set.
(2) The second condition to check is that for any open T ′ in T , the functor
T ′ 7→ IsoT ′(X1 ⊕X
ρ
1 , X2 ⊕X
ρ
2 ) is a sheaf.
By hypothesis, we know that for any open T ′, the functor T ′ 7→ IsoT ′(X1, X2)
is a sheaf. Clearly, the functor T ′ 7→ IsoT ′(X
ρ
1 , X
ρ
2 ) is also a sheaf. So,
the map from T ′ 7→ IsoT ′(X1, X2) ⊕ IsoT ′(X
ρ
1 , X
ρ
2 ) is a sheaf and by
elementary properties of ⊕, we have IsoT ′(X1, X2) ⊕ IsoT ′(X
ρ
1 , X
ρ
2 ) =
IsoT ′(X1 ⊕X
ρ
1 , X2 ⊕X
ρ
2 ).
(3) The last property is the so-called cocycle condition. Let {Ti
φi
−→ T}i be an
e´tale cover of T , where φi are e´tale maps and let F be a family over T .
Then, applying to F the base change functors φ∗, we get localized families
Fi over Ti, and similarly localized families Fij over Tij := Ti ×T Tj , Fijk
over Tijk, (etc).
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They come along with the descent data, i.e isomorphisms fij : pr
∗
ji,iFi
∼=
−→
pr∗ji,jFj , which turn to satisfy the cocycle condition: fki = fkj ◦ fji on Tkji.
The family F is compatible with the direct sum operation.
Therefore, we have over T the family: F⊕F ρ = (C/T, (xi))⊕(C/T, (ρ(xi))).
The base change functors φ∗ give localized families Fi ⊕ F
ρ
i over Ti (more
generally, Fij ⊕ F
ρ
ij over Tij := Ti ×T Tj , Fijk ⊕ F
ρ
ijk over Tijk, etc).
We have (fij, f
ρ
ij) : (pr
∗
ji,iFi, pr
∗
ji,iF
ρ
i )
(∼=,∼=)
−−−→ (pr∗ji,jFj , pr
∗
ji,jF
ρj), satisfying
the cocycle condition: (fki, f
ρ
ki) = (fkj ◦fji, f
ρ
kj ◦f
ρ
ji). The converse property
comes from 2).

6.3. The NY Gravity operad. We introduce the NY gravity operad, being the
“gravity” version, of our NY topological operad.
In this part, the explicit construction of the NY gravity operad is given. Actu-
ally, whenever we want to take into account action of symmetries upon complexes
(deRham, Hodge etc) and respective mixed structures, we are bound to pass to
one of the several derived environments. For example, one can use a quite gen-
eral “dendroidal” formalism of [5], perhaps extended by various versions of graph
categories developed in [1], or even Feynman categories.
A useful step is to recall classical technics concerning the Poincare´ residue the-
orem. This S-module is in some sense reminiscent of Getzler’s gravity operad,
see [13]. The gravity operadGrav((n)) = sH∗(M0,n) has a mixed Hodge structure.
It lies in the category of mixed Hodge complexes, which is a symmetric monoidal
category with colimits, and the monoidal structure is given by the graded tensor
product. Every object Grav((n)) = sH∗(M0,n) in this category, carries a unique
mixed Hodge structure which is compatible with the Poincare´ residue map. Using
this property, one shows that Grav((n)) is indeed an operad. We use this technical
remark in an analogous manner, to prove the existence of composition maps, for
the NY gravity operad.
Definition 4. Let GravNY ((n)) be the stable cyclic S-module defined as follows:
GravNY ((n)) =
{
sH∗((M0,n × Aut(M0,n)) \ Fixρ), n ≥ 3
0, n < 3
The reason why mixed Hodge structures enter the game, in the study of complex
algebraic varieties, is explained in the following theorem, due to Deligne.
Theorem 3 ( [7], Proposition 8.2.2). Let X be a complex algebraic variety. For
every integer k, the cohomology group Hk(X) is endowed with a functorial mixed
Hodge structure.
We briefly discuss the logarithmic forms along a normal crossing divisor and
recall notations from previous sections, namely about the coordinates of the normal
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crossing divisor. We define a divisor D as {f1 . . . fr = 0} in M0,n, for a fixed
positive integer r. A meromorphic differential form on M0,n has a logarithmic
form on the divisor if it can be written as a linear combination of forms of the
type:
∂fi1
fi1
∧ · · · ∧
∂fir
fir
∧ η,
with i1 ≤ ... ≤ ir and where η is a holomorphic form on M0,n.
On each closure of a stratum D(σ), define a complex of sheaves of logarithmic
forms : Ω•
D(σ)
(logD(σ)). If jσ:D(σ)→ D(σ) denotes the natural open immersion,
we have a quasi-isomorphism:
(jσ)⋆(CD(σ)) ∼= Ω
•
D(σ)
(logD(σ)).
This induces an isomorphism of cohomology groups
Proposition 6. Consider the stable cyclic S-module {GravNY ((n))}n≥3. Then,
there is a natural cyclic operad structure on GravNY .
Proof. It is known that the collection of stable curves with labeled points forms
a topological operad. As shown in equation (6), we have a well defined operation
composition for this:
M0,[l] ×M0,[m1] × · · · ×M0,[ml] →Mg,[m1+···+ml].
Referring to this, we construct the composition operation for the NY Gravity
operad. This can be modified into the following composition morphism :
Aut(M0,[l])× Aut(M0,[m1])× · · · × Aut(M0,[ml])→ Aut(Mg,[m1+···+ml]),
where we use the automorphism ρ ∈ Aut(M0,[k]) such as defined above. Combining
both morphisms together, we get the following:
M0,[l] × Aut(M0,[l])×M0,[m1] ×Aut(M0,[m1])× · · · ×M0,[ml] × Aut(M0,[ml])
→M0,[m1+···+ml] × Aut(M0,[m1+···+ml]).
In order to construct the NY gravity operad, we restrict our considerations
to the smooth (codimenion 0) stratum. Therefore, we omit fixed points of the
automorphism group, and consider:
(M0,[l]×Aut(M0,[l])) \ Fixρ × (M0,[m1] × Aut(M0,[m1])) \ Fixρ × · · · × (M0,[ml]
× Aut(M0,[ml])) \ Fixρ → (M0,[m1+···+ml] × Aut(M0,[m1+···+ml]) \ Fixρ.
To define the composition map, let us proceed using the Poincare´ residue mor-
phism [7]. To define the product, we need the following embedding :
(M0,[l] × Aut(M0,[l])) \ Fixρ × (M0,[m]×Aut(M0,[m])) \ Fixρ
→M0,[m+l] ×Aut(M0,[m+l]),
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The Poincare´ residue associated to that embedding is given by:
Res : H∗(M0,[m+l]×Aut(M0,[m+l]))→ H
∗(M0,[m]×Aut(M0,[m])×M0,[l]×Aut(M0,[l])).
The composition operation is now discussed.
With the residue morphism, defined in the paragraph above, for τ > σ we have
the residue formula:
(7) Resστ : H
•(D(σ) ⊔D(σρ))→ H•−1(D(τ) ⊔D(τρ))(−1),
where we have added a right Tate twist (−1) and D(σρ) (resp. D(τρ)) is the
stratum in Aut(M0,[m+l]).
Let σ⊔σρ ∈ T ((n))⊕T ((n)) in the moduli spaceM0,[m+l]×Aut(M0,[m+l])\Fixρ.
We choose σ (resp. σρ) to have one internal edge e (resp. eρ) joining two internal
vertices v′ and v′′. The stratum in M0,[m+l], D(σ), is decomposed as follows:
D(σ) ∼=M0,F (v′) ×M0,F (v′′),
where in the flag F (v) (resp. F (v′′)) there are m (resp. l) incident edges to v′
(resp. v′′). An analogical decomposition is done for D(σρ), where the pair of
vertices incident eρ are denoted v
′
ρ and v
′′
ρ .
For a given σ with one edge, we get the residue morphism:
Ha+b−1(M0,[m+l] × Aut(M0,[m+l]) \ Fixρ)(−1)→
Ha−1(M0,F (v′) ×M0,F (v′ρ))(−1)⊗H
b−1(M0,F (v′′) ×M0,F (v′′ρ ))(−1),
which is obtained from 7 by using the the Ku¨nneth formula, a Tate twist (−1) and
multiplying by the Koszul sign. As a final point, using the Poincare´ duality, leads
to define a composition product ◦i for GravNY .
It thus remains to verify if the GravNY satisfies the equivariance and associativ-
ity axioms. The equivariance axiom is, indeed, not modified. The main argument
is that ti ∈ Si acts on the set of marked points [i] and, thus on the set obtained
under ρ. So, the following diagram remains commutative:
P(k)⊗P(r1)⊗ · · · ⊗ P(rk) P(k)⊗P(r1)⊗ · · · ⊗ P(rk)
P(r1 + .... + rk) P(r1 + .... + rk)
id⊗ (t1 ⊗ ...⊗ tk)
µ µ
t1 ⊕ ...⊕ tk .
The associativity axioms of a cyclic operad also holds. Therefore, on GravNY
there is natural a cyclic operad structure. 
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6.4. Comparison of the NY gravity operad with gravity operad and
Hycom operad. We study the relations between the NY gravity operad and the
gravity operad (as well as the hypercom operad). Namely, a relation is given, us-
ing the comparison theorem in this section. Gravity operad and hypercom operads
are related in the sense that these objects are Koszul dual, in the sense of Koszul
duality [18].
Recall that the relations and the presentation for the Gravity operad are as
follows: the degree 1 subspace of Grav((k)) is one dimensional for each k ≥ 2, and
is spanned by the operation
{a1, ..., an} =
∑
1≥i<j≥n
(−1)ǫ(i,j){ai, aj}a1....aˆi....aˆj ....an,
ǫ(i, j) = (|a1| + ... + |ai−1|)|ai| + (|a1| + ... + |aj−1|)|aj| + |ai||aj|. The following
theorem gives a detailed presentation (see [13]):
Theorem 4. The operations {a1, ..., ak} generate the gravity operad Grav((k)),
and all relations among them follow from the generalized Jacobi identity :
(8)
∑
1≤i<j≤k
(−1)ǫ(i,j){{ai, aj}, a1, ..., aˆi, ..., aˆj, . . . , ak,b1, ..., bl}
= {{a1, ..., ak}, b1, ..., bl},
where the right hand side is 0 if l = 0.
There exists a strong relation from the gravity operad to the so-called hyper-
commutative operad, which we define below:
Hycom =
{
H∗(M0,n), n ≥ 3;
0, n ≥ 3;
By a theorem of Getzler [13], we have the a result which guarantees the Koszul
duality relation between the Gravity operad and the hypercommutative operad
(i.e. Hycom operad).
Theorem 5. Let V ⊂ Hycom be the cyclic S-submodule spanned by the funda-
mental classes,
[M0,n] ∈ H2(n−3)(M0,n) ⊂ Hycom((n)).
The operad Hycom is Koszul, with generators V , and Hycom! ∼= Grav.
Hycom is quadratic with generators V and relations R, where V((n)) is spanned
by an element of degree 2(n − 3) and weight 2(3 − n). We have that V((n)) is
identified with H2(n−3)(M0,n).
Relations R, where R((n)) has dimension
(
n−1
2
)
-1, are given by the following
generalized associativity equation.
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Proposition 7. Let a, b, c, x1, ..., xn lie in Hycom, the hypercommutative operad.
Then, all the relations in the operad Hycom are given by the following generalized
associativity relation:
(9)
∑
S1⊔S2
±((a, b, xS1), c, xS2) =
∑
S1⊔S2
±(a, (b, c, xS1), xS2),
where S1 ⊔ S2 = {1, ..., n}.
The symbol ± stands for the Quillen sign convention for Z2-graded vector spaces:
it equals +1 if all the variables are of even degree.
Going back to the cohomology ring of M0,n, one may identify here Chow rings
with cohomology. In particular M0,n has no odd homology and its Chow groups
are finitely generated and free abelian.
It was Keel [20] who gave first an explicit basis forH∗(M0,n(C)). TheDS are the
divisors and generate the cohomology ring. The commutative ring is generated by
elements of degree 2 DS, one for each subset S ⊂ {1, 2, ..., n} with 2 ≤ |S| ≤ n− 1
subject to the following relations:
• DS = D{0,1,...,n}\S
• For distinct elements i, j, k, l ∈ {0, 1, ..., n}∑
i,j∈S;k,l/∈S
DS =
∑
i,k∈S;j,l /∈S
DS
• If S ∩ T /∈ {0, S, T} and S ∪ T 6= {0, 1, ..., n} then DSDT = 0
Due to [11], we have a supplementary result which shows that H∗(M0,n) is
Koszul. They are useful to determine various homotopy invariants for the DM-
compactification.
Now, we can present the Comparison theorem.
Theorem 1 (Comparison theorem). Let GravNY ((n)) be the NY Gravity operad.
Then, for n ≥ 3 we have:
GravNY ((n)) = sH∗(M0,n × Aut(M0,n) \ Fixρ)
= s(H∗(M0,n \ Fixρ)⊗H∗(Aut(M0,n) \ Fixρ))
= sH∗(M0,n \ Fixρ)⊗H∗(Aut(M0,n) \ Fixρ)
where Fixρ is the set of fixed points of the automorphism ρ.
Proof. By definition, the parametrizing space ofM0,n is given by {x1, x2, ..., xn−3 ∈
(P1\(0, 1,∞))n−3|xi 6= xj}. We can mapM0,n to Aut(M0,n), where we have chose
the automorphism ρ, in the following way:
(P1 \ (0, 1,∞))n−3 \∆n−3 → (P
1 \ (0, 1,∞))n−3 \∆n−3⊕ (P
1 \ (0, 1,∞))n−3 \∆n−3
(x1, x2, ..., xn−3) 7→ (x1, x2, ..., xn−3)⊕ (1− x1, 1− x2, ..., 1− xn−3).
In order to compare the gravity operad and the NY Gravity operad, it is necessary
to remove all fixed points under the automorphism, namely points that are equal
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to 1
2
. Indeed, removing those points in M¯ρ0,n leaves us to consider the codimension
0 stratum of this space i.e. Mρ0,n, whereas, it implies a modification regarding the
classical Grav((n)) operad. So, by the Ku¨nneth formula we have:
GravNY ((n)) = sH∗(M0,n × Aut(M) \ Fixρ)
= sH∗(M0,n \ Fixρ)⊗H∗(Aut(M0,n) \ Fixρ).

We compare the NY operads’ components to those of the gravity operad, using
the excision theorem and Mayer-Vietoris’ exact sequence. We investigate the n-th
component of the cohomology ring in both cases, where X =M0,n and the subsets
A,B of X are A = M
1
2
0,n ⊂ (P
1 \ {0, 1
2
, 1,∞})n and B is an n-dimensional disc
of radius ǫ, centered at 1
2
. The interiors of A and B cover M0,n and A ∩ B is a
n-annulus (i.e one point has been removed from the n-dimensional disc).
Note that, by the excision theorem, the local homology groups of the spaceM0,n
at a point, say 1
2
are defined to be the groups Hn(M0,n,M0,n −
1
2
). For any open
neigh- borhood B of 1
2
, excision theorem gives isomorphisms Hn(M0,n,M0,n−
1
2
) ∼=
Hn(B,B − {
1
2
}), so these groups depend only on the local topology of M0,n near
1
2
. The Excision theorem leads to the Mayer-Vietoris (long) exact sequence. We
use the Mayer-Vietoris (long) exact sequence, to give us an estimate over the n-th
component of sH∗(A).:
· · · → Hn+1(M0,n)→ Hn(A ∩B)→ Hn(A)⊕Hn(B)
→ Hn(M0,n)→ Hn−1(A ∩B)→ . . .
Applying the suspension onto the long exact sequence, we have the following:
· · · → sHn+1(M0,n)→ sHn(A ∩B)→ sHn(A)⊕ sHn(B)
→ sHn(M0,n)→ sHn−1(A ∩B)→ . . .
and looks in the following way (if n is odd):
· · · → Hn+1(M0,n)→ 0→ Hn(A)→ Hn−1(M0,n)→ Z→ Hn−1(A)
→ Hn−2(M0,n)→ 0→ . . .
7. The neighborhood of the “fat” diagonal and Hodge structure
The neighborhood of the fat diagonal (i.e. the discriminant variety given by the
arrangement of hyperplanes corresponding to the colliding points of the moduli
space) is interesting to study, and has been considered from very different ap-
proaches. We propose to look at the neighborhood of the fat diagonal for M0,n
endowed with its hidden symmetry for many reasons, one of which is the relation to
Hodge structures. Indeed, our NY gravity operad being directly related to mixed
Hodge structures, we consider the Hodge structure in a mostly natural (geometric)
way, via tools coming from L2-cohomolgy, and which is closely based on results
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concerning the KZ equations for M0,n(C) (see [18]), and to the Stasheff polytope
approach [17]. In these latter results, a pair of colliding points zi, zj are denoted
by the parenthesis (zizj). Our goal is to investigate under this new light, first,
what we call a complex geometry approach to the neighborhood of such colliding
points and then, to move onto an Euclidean geometry investigation. Both methods
describe this neighborhood - however, in a very different manner. For more details
about the relation between tools from L2-cohomology and relations to problems
including Hodge theory see [3].
The “fat” diagonal of M0,n with hidden symmetry. Let M be a smooth
manifold. Let
[0, 1]×M/ ∼,
where (0, x) ∼ (0, x′) and x, x′ ∈ M be a (topological) cone. Let us stratify the
thick diagonal in the following (unconventional) way:
(10) ∆(n) ⊂ ∆(n−1) ⊂ · · · ⊂ ∆(1),
where ∆(1) is the n-tuple of ∆, where there exists one xi in an ǫ-neighborhood of
1
2
, different from all the other xj in ∆; ∆
(j) is the n-tuple, where {xi1 = · · · = xij}
are in an ǫ-neighborhood of 1
2
, and those xi are different from the remaining xk in
∆.
Proposition 8. Let ∆x∪∆ρ be the fat diagonal ofM0,n endowed with its (hidden)
symmetry. Then, there exists a family of topological cones of apex in Fixρ and
defined over (∆ix ∪∆
i
ρ) ∩ Sǫ(
1
2
), where Sǫ(
1
2
) is a sphere of radius ǫ and of center
1
2
.
Proof. Consider ∆(1), from formulae 10. Then, in ∆
(1)
x there exists one xi tending
to 1
2
. By symmetry, we have the copy of this situation in ∆
(1)
ρ , and since
1
2
lies in
Fixρ, this defines a topological cone over (∆
1
x ∪∆
1
ρ) ∩ Sǫ(
1
2
). The same holds for
(∆ix ∪∆
i
ρ) ∩ Sǫ(
1
2
). 
The fat diagonal of the parametrizing schemeM0,n×Aut(M0,n) is endowed with
additional critical points, compared to the classical case (i.e. with no symmetry).
Going back to the stable curve, these additional points will be blown-up, adding
new irreducible components (isomorphic to P1). This data modifies the geometric
aspect around the divisor ofM0,n×Aut(M0,n), compared to the one of the stable
curve M0,n. Indeed, those points, lying in Fixρ, are conjugated to complex germs
of the type (z2k, 0), where 1 ≤ k ≤ n. Therefore, not only this modifies the
stratification of the stable curves, (comparing it to the one of M0,n), but also
implies differences in the metrics around the divisors.
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7.1. Complex geometric description in the neighborhood of the fat diag-
onal. The cohomology ring of the M0,n+1 remains a source of interest for various
reasons, nowadays. In order to obtain the cohomology ring generators, instead of
holomorphic derivations, we use Ka¨hler logarithmic derivatives. Arnold’s result
(below) illustrates this remark.
Proposition 9. For 1 ≤ j 6= k ≤ n, let wjk =
dlog(xj−xk)
2πı
be the logarithmic
differential form. The cohomology ring H∗(Conf0,n,Z) is the graded commutative
ring with generators [wjk], and relations:
• wjk = wkj
• wijwjk + wjkwki + wkiwij = 0
The cohomology ring H∗(M0,n+1,C) may be identified with the kernel of the
differential ı on H∗(Conf0,n,C) whose action on the generators is ıwjk = 1.
The Ka¨hler logarithmic derivatives approach is of interest to us, because not
only it is related to the KZ equations but also to L2-cohomology and thus in a
certain sense to the Hodge structure. We wish to highlight the bridges between
those seemingly different view points.
The generators [wjk] of the cohomology ring H
∗(M0,k+1) are induced by wjk =
dlog(xj−xk)
2πı
and those logarithmic derivatives are also a way to have some generators
for the L2-cohomology.
An incomplete Riemannian metric over M0,n+1 (codimension 0 stratum) is ob-
tained by its projective embedding. Recall its construction. If p : Cn+1 − 0→ Pn
is the projection where (x1, . . . , xn) ∈ C
n+1, then Pn is endowed with a natural
Ka¨hler metric ν, called Fubini-Study metric and defined by:
p∗ν =
i
2π
∂∂log||x1|
2 + |x2|
2 + · · ·+ |xn|
2|.
This gives a point-wise norm on smooth forms ω of type (p, q) onM0,n, and defines
an L2 norm ||ω||2. One defines thus a simplicial complex by setting F
p,q(M0,n) :=
{ω|||ω||2 < ∞, ||∂¯ω||2 < ∞}. A Dolbeault type of complex, (F
p,∗(M0,n+1), ∂¯) for
each p ≥ 0 can be defined, from this definition. The existence of such a complex
allows the definition of an q-th L2-cohomology group. It is usually denoted by
Hp,q2 (M0,n), in the literature. See for more details [27, 28].
From the well known constructions in [27, 28], a subtile change of variables leads
to define locally a Ka¨hler metric on the smooth part of the moduli space M0,n+1,
in the neighborhood of the fat diagonal {xi = xj |i 6= j}, which leads to defining
a norm with respect to the metric. Finally, using this tool, we can apply results
from [26, 9, 25] to describe the L2-cohomology.
Choose a ball Br, centered at 0 and of radius r, such that
∑n
i=1 |xi|
2 ≪ 1.
Consider the Euclidean distance between a pair of points xi and xj , where those
points lie in the interior of the ball of radius r. Set
(11) F = −log(dist(xi, xj)),
MODULAR OPERAD AND ĜT 29
and
(12) Fk := −log(dist(xi, xj))−
1
k
log(−log
∑
|xi|
2)
where xi, xj ∈ Br and k > 1.
The latter strictly pluri-subharmonic function defines a Ka¨hler metric hk :=
−i∂∂¯Fk on the regular part of M0,n+1 ∩Br. The metric hk := −i∂∂¯Fk on M0,n+1
is complete and decreases monotonically to h := −i∂∂¯F . Independently of k,
〈∂Fk, ∂Fk〉 is bounded, where 〈, 〉
1
2
k denotes the pointwise norm on 1-forms with
respect to hk.
We can therefore give two corollaries, which are a direct application of the
lemmas in [26] sections 1.1, 2.1 and [9], Theorem 4.1, [25] Proposition 4.1.
Corollary 1. Let M0,n+1 be endowed with a Ka¨hler metric, which is given by the
potential function F : M0,n+1 → R such that 〈∂F, ∂F 〉 is bounded. Then, the
L2 − ∂-cohomology with respect to ω, H
p,q
(2) (M0,n+1, ω) = 0 for p + q 6= n + 1. In
fact, if 〈∂F, ∂F 〉
1
2 ≤ B, and φ is a (p, q)-form on M0,n+1 with ∂φ = 0, q > 0 and
p+ q 6= 0, then there is a (p, q − 1)-form ν such that ∂ν = φ and ||ν|| ≤ 4B||φ||.
Corollary 2. Let M0,n+1 be endowed with a decreasing sequence of complete her-
mitian metrics hk, k ≥ 1, which converges pointwise to a hermitian metric h.
If Hn+1,q(2) (M0,n+1, hk) vanishes with an estimate that is independent of k, then
Hn+1,q(2) (M0,n+1, h) vanishes with an estimate.
Here, Hn+1,q(2) (M0,n+1, hk) denotes L2−∂-cohomology with respect to the metric
hk.
These results come to strengthen some of the results concerning the zones around
pairs of colliding points, lying in the discriminant variety. We now continue our
investigations, but from an Euclidean geometry point of view. Note that the ap-
proach below holds no longer for the parametrizing scheme T , but for the universal
curve, where colliding points have been already blown-up.
7.2. Euclidian geometry in the neighbourhood of the divisor. In this sub-
section, for a given parametrizing scheme in the base space, we consider the univer-
sal curve and study the geometry around its divisor. We point out the geometric
differences in terms of Euclidean geometry around the divisors of M0,n+1 and of
M0,n+1 equipped with symmetry.
To avoid any notation confusion: Dτ is a given divisor of the n+1-stable curve
M0,n+1, parametrized by a subscheme D(τ) in T . For this subscheme in T , let
(D ∪ Dρ)τ be the divisor of NY (n + 1). The notation D is used for a normal
crossing divisor.
Consider a given stratum in T . In general, the trees - which are the dual
complexes, corresponding to the divisor Dτ and (Dτ ∪Dρ(τ)) - are far from being
isomorphic. The aim of the next proposition is to give an idea of the geometric
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differences occurring in M0,n+1 and M0,n+1 × Aut(M0,n+1). We introduce the
classical filtration: ∆(0) ⊂ ∆(1) ⊂ . . .∆(n), where an i-th (smooth) stratum is given
by ∆(i) − ∆(i−1) (note that this is a different stratification than in the previous
section). The analogous stratification is done for the fat diagonal ∆x,ρ ofM0,n+1×
Aut(M0,n+1).
In order to understand its “neighbourhood-geometry”, we can notice that the
results of Hsiang-Pati [15] and Nagase [24] are applicable to the neighbourhood of
the blown-up points lying in Fixρ. In particular, all along the following part, we
admit that we intersect the fat diagonal with a n-ball of radius 1, centered at 0.
It is known that this intersection behaves as a topological cone defined over the
boundary of this intersection.
We claim the following:
Proposition 10. Let us stratify the singular locus ∆ as above, where each stra-
tum ∆(i) −∆(i−1) is a topological cone, equipped with a given Riemannian metric.
Then, on each stratum of ∆x,ρ there exists an isolated singularity of type Ak, the
neighbourhood of which is described up to quasi-isometry by the Hsiang-Pati and
Nagase metrics.
Now we describe construction for the metric around D. Let U ′ be the neigh-
borhood of the divisor D.Choose a function R defined on U ′ with range in [0,∞).
This function satisfies four conditions:
(1) R|D = 0
(2) R|U ′−D is smooth and positive
(3) U ′ −D = R−1(0, 1]
(4) Using the R and certain appropriate flow lines in U ′ − D, we define a
product structure
R−1(0, 1] = (0, 1]× R−1(1).
This function is necessary to partition U ′ in a suitable manner. Indeed, set:
Θ(ǫ) = R−1(0, ǫ] and Θ˙(ǫ) = R−1(ǫ), ǫ > 0. Now Θ˙(1) can be decomposed into
finite parts non overlapping except along their boundaries. Using the product
structure one can decompose U ′ as follows: Θ(1) = ∪iU
′
i . Since it remains difficult
to work with the subsets U ′i , we will work on less complicated manifolds. These
manifolds are defined up to quasi-isometry with U ′i , and are classified into two
classes. Let W (+) the manifold quasi-isometric to the neighbourhood U ′i of the
intersection points of the irreducible components on the divisor and let W (−)
be the manifold quasi-isometric to the neighbourhood U ′j of the divisor which
is the complementary of the previous neighbourhood U ′i . These manifolds are
Riemannian manifolds and carry a Riemannian metric.
(1) Let Y be a compact polygon in R2 with standard metric g˜. Let W (−) =
(0, 1]× [0, 1]× Y ∋ (r, θ, y), be endowed with the Riemannian metric:
g(−) := dr2 + r2dθ2 + r2cg˜(y).
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(2) Let W (+) = (0, 1]× [0, 1]3 be endowed with the Riemannian metric:
g(+) := dr2 + r2dθ2 + r2c(ds2 + h2(r, s)dφ),
with h(r, s) = f(r)
l( s
f(r)
)
, where f(r) is a smooth function on [0, 1] such that
f ′(r) ≥ 0, ∀r ≥ 0 and l(x) is a smooth function on [0,∞) such that l′(x) ≥ 0
and l′′(x) ≥ 0 for any x ≥ 0. We define these two functions as :
• f(r) = rb, if r is small and r > 0, b > 0.
• f(r) = 1
2
if r is large and r ≤ 1.
• l(x) = 1, if 0 ≤ x ≤ 1− ǫ.
• l(x) = x if 1 + ǫ ≤ x.
The W (−) and W (+) are models of the subsets in U , obtained up to quasi-
isometry, where quasi-isometry means that for Riemannian manifolds (Yi, gi), the
diffeomorphism f : (Y1, g1) → (Y2, g2) satisfies for a positive constant a > 0 the
inequality: C−1g1 ≤ f
∗g2 ≤ ag1.
Proposition 10. Using the classical stratification for ∆x,ρ we may notice that on
each stratum, there eixsts a point lying in Fixρ. Therefore, the strata of ∆x,ρ
are not smooth. Clearly, for each codimension k stratum, there exists an isolated
singularity of type Ak−1. Blowing-up this point, we can describe the geometry
around its irreducible components, using the Hsiang-Pati and Nagase metrics. 
Remark 1. Contrarily to the moduli space endowed with the symmetry given by
z 7→ z, the advantage of introducing a symmetry such as ρ : z 7→ 1 − z on the
moduli space is that the resulting moduli space (with this symmetry ρ) is orientable.
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